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Abstract. This paper focuses on the study of the strong rational connected- 
ness of smooth rationally connected surfaces. In particular, we show that the 
smooth locus of a log del Pczzo surface is strongly rationally connected. This 
confirms a conjecture due to Hassett and Tschinkel in |HT08j . 
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1. Introduction 

Throughout this paper, except in Section 2 and 6, the ground field k will be an 
algebraically closed field of characteristic zero. 

1.1. Definition. A variety X is called rationally connected if there is a family of 
proper rational curves g : U — > Z and a cycle morphism u : U — > X such that 
vP^ : U X Z U — > X x k X is dominant. 

We refer to |Ko96j for the background of rationally connected varieties. Given a 
smooth variety X, it is rationally connected if and only if there is a morphism 
/ : P 1 -»• X such that f*T x is ample (cf. [Ko96] IV.3.3.1 and 3.7). Furthermore, 
it is known (cf. ibid IV.3.9.4) that for any smooth rationally connected variety 
X over k, there is a unique largest nonempty open subset X v ? C X with the 
property that x G X v * if and only if there is a morphism / : P 1 — > X v * such that: 

(1) x g /(P 1 ); 

(2) f*(T x ) is ample. 

We call X v f the very free locus of X. If X v ? = X, X is called strongly rationally 
connected (cf. |HT08j . 14). 
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1.2. Theorem ( [KMM92b] 2.1, |Ko96] IV.3.9). A proper and smooth rationally 
connected variety Xj k is strongly rationally connected. 

A result of Campana and Kollar-Miyaoka-Mori states that all smooth Fano va- 
rieties are rationally connected ( [Ca92j . [KMM92"a] or |Ko96j ). More generally, 
log Q-Fano varieties are rationally connected ([Zh06j or |HM07j ). A log Q-Fano 
variety (X, A) is a normal projective variety X with a Weil divisor A such that 
(X, A) is kit and Kx + A is anti-ample. A log Q-Fano surface is also called a log 
del Pezzo surface. 

Given a log Q-Fano variety (X, A), one can ask whether the smooth locus X sm 
of the underlying space X is rationally connected. In general determining the 
rational connectedness of a nonproper variety can be formidable, and the answer 
to this question is not known except for the surface case. 

1.3. Theorem ([KM99J, 1.6). If(S,A) is a log del Pezzo surface, then the smooth 
locus S sm of S is rationally connected. 

If we drop the properness assumption, it is not known whether the rational con- 
nectedness implies the strong rational connectedness ( [Ko96j . IV. 3. 9. 5). The main 
purpose of this paper is to show that the smooth loci of log del Pezzo surfaces 
are not only rationally connected but also strongly rationally connected. This 
confirms a conjecture due to Hassett and Tschinkel ( |HT08j . Conjecture 19). 

1.4. Theorem. (Notation as above.) S sm is strongly rationally connected. 
Applying the same technique, we can prove 

1.5. Theorem. Let S be a projective surface which has at worst Du Val singu- 
larities. If S sm is rationally connected, then S sm is indeed strongly rationally 
connected. 

The main strategy to prove (11.41) consists of two steps: first, using an argument 
from the Minimal Model Program(MMP), and applying Keel-M c kernan's result 
(II. 3j) , we prove (14.41) saying that there are at most finitely many points in S sm 
which are not in the very free locus. In the second step, we need to prove that 
indeed S sm is equal to its very free locus. Given two smooth points p and q of S, 
we choose two sequences of general points to specialize to them. Applying Keel- 
M c Kernan's theorem again, we can connect any two general points by a proper 
rational curve contained in S sm . Then we want to construct a limiting object 
containing p and q, and show that after adding very free curves to the limiting 
object, we can smooth it away from the singular points of S, but still containing 
p and q. For the purpose of doing deformation, we will present two approaches. 
The first approach is studying rational curves on the smooth stack Deligne- 
Mumford S, which realizes S as its coarse moduli space. The theory of the 
moduli space of twisted stable maps which have Deligne-Mumford stacks as the 
target spaces (cf. [AV02] ) provides the framework to study this. The advantage 
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of considering S is that its smoothness allows us to do the deformation theory 
in a similar way as the classical case when the target space is a smooth variety 
(See Section 2 and 3). We get the limiting object, which could be reducible and 
twisted, from the properness of K,q^(S, d). The first step allows us to attach 
teeth to general points in each component of the image of the limiting object. 
By imitating the analogue argument for the classical curves, we show that after 
attaching enough teeth, it eliminates all obstructions of deforming the morphism 
with a finite set of points fixed. We thereby can smooth the limiting object, with 
the additional property that the image still contains the two given points. Then 
the smoothing curve is a very free curve, which we can choose to be contained 
entirely in the scheme locus of S (See ( 13.81) ). 

The second approach is similar. But instead of considering the stack covering, it 
uses the new concept of pseudo-ideal sheaves introduced in |SR09j . The argument 
is due to Jason Starr, who was inspired by reading the first version of this note. 
In fact, the following stronger result is established by using pseudo-ideal sheaves, 

1.6. Theorem. (Starr) If X°/k is a smooth rationally connected variety (of arbi- 
trary dimension) , W C X° is a closed subscheme which is proper over k satisfying 
that U := X° \ W is strongly rationally connected, then X° itself is strongly ra- 
tionally connected. 

For some special log del Pezzo surfaces, the strong rational connectedness of the 
smooth loci has been established in [HT08j and |Kn08j . Then these results have 
been applied to prove certain weak approximation results for rational surfaces 
over the function field of curves. In |Xuj . we will use the results of this note to 
establish weak approximations for more del Pezzo surfaces. 

From our argument, it is also interesting to ask the following question: if we 
assume U to be a nonproper smooth rationally connected surface, and S D U a 
normal compactification, then what type of singularities can S have? We give 
the following answer: 

1.7. Theorem. (Notation as above). S contains only rational singularities. 

The content of this note is organized as follows: in Sections 2 and 3, we develop 
a twisted version of the classical theory of morphisms from curves to varieties; 
then we apply this tool to prove our main theorems (11.41) and (11.51) in Section 4; 
in Section 5, we very briefly sketch the theory of pseudo-idea sheaves and then 
present the proof of (jl.6P ; in section 6, we give two examples: the first one shows 
that MMP does not always preserve the rational connectedness of the smooth 
locus; the second one is due to Kollar which yields a del Pezzo surface with Ai 
singularities in characteristic 2, whose smooth locus does not contain any free 
curve. 

Acknowledgement: I would like to thank Igor Dolgachev, Brendan Hassett, 
Amit Hogadi, Amanda Knecht, Janos Kollar for useful conversations and emails. 
I especially want to thank Dan Abramovich for suggesting me a crucial idea to 
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prove Theorem (II. 4p and Jason Starr for allowing me to use his unpublished 
arguments. Thanks also to Luli Jiarong for his help on English; any remaining 
mistakes are my own. The author is partially supported by Clay liftoff fellowship. 
Part of the work was done when the author visited Universitat Duisburg-Essen. 
The author wishes to thank Helene Esnault for her hospitality during the visit. 
This material is also based upon work when the author is in Institute for Ad- 
vanced Study and supported by the NSF under agreement No. DMS-0635607. 

2. Twisted curves and twisted stable maps 

In this section, we give a short introduction to the theory of twisted curves and 
n-pointed twisted stable maps. We refer to [AV02j and |O107] for more details. 
Let S be a scheme and C/S a proper flat tame Deligne-Mumford stack C — * S 
whose fibers are purely one- dimensional and geometrically connected with at 
most nodal singularities (recall that C is tame if for every algebraically closed 
field k and morphism x : Spec (A;) — > C the stabilizer group Stabe(x)(fc) has order 
invertible in k). Let C — > C be the coarse moduli space of C, and let C sm C C 
be the open subset where C — > S is smooth. Assume that the inverse image 
C x c C sm C C is equal to the open substack of C where C — > S is smooth and 
that for every geometric point s — > S the map C s —>■ C s is an isomorphism over 
some dense open subset of C s . Then the coarse space C is a nodal curve over 
S, and it is well-known that, for any geometric point mapping to a node s — > C 
there exists an etale neighborhood Spec (A) — > C of s and an etale morphism 

Spec (A) -> $pec s (O s [x,y]/xy - t) 

for some t G Os, such that the pullback C Xc Spec (A) is isomorphic to 

[Spec (A[z, w]/zw = t', z n = x,w n = y)/T] 

for some element t' G Os, where T is a finite cyclic group of order n invertible 
in A such that if 7 G T is a generator then 7(2) = £2 and j(w) = £'w for some 
primitive nth roots of unity ^ and The stack is called balanced if etale locally 
there exists such a description with £' = 

2.1. Definition (twisted curve). ( |AV02j . 4.1.2). A twisted curve is a stack C — > S* 
as above such that the action at each nodal point s —> C is balanced. A twisted 
curve C — > S has genus g if the genus of C 5 is g for every geometric point s — > S*. 
An n-pointed twisted curve is a twisted curve C — ► S together with a collection 
of disjoint closed substacks {Sj}™ =1 of C such that: 

(1) each Ej C C is contained in the smooth locus of C — > S 1 ; 

(2) the stacks S» are etale gerbes over S"; 

(3) if C gen denotes the complement of the Sj in the smooth locus of C — > S, 
then C ffen is a scheme. 

2.2. Remark. Unlike |AV02] . we will only use balanced twisted curves in this 
paper, so we usually omit the adjective "balanced". Abramovich and Vistoli 
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prove that the moduli stack parametrizing the twisted stable maps from balanced 
twisted curves is an open and closed substack of the stack parametrizing all 
twisted stable maps (cf. [AV02| 8.1.1). 

In |O107j . Olsson got the following description of the versal deformation of a given 
n-pointed twisted curve. Let denote the fibered category over Z which to 

any scheme T associates the groupoid of n-marked genus g twisted curves (C, Ej) 
over T, and let S g ^ n denote the fibered category over Z which to any scheme S 
associates the groupoid of all (not necessarily stable) n-pointed genus g nodal 
curves C/S. Now consider a field k and an object (C, Sj) G M-^nik). Let (C, o^) 
be the coarse moduli space, and let R be a versal deformation space for the object 
(C, <7j) G Sg jn (k). Let qi,...,q m G C be the nodes, T{ the order of the stabilizer 
group of a point of C lying above qi. It is well-known (cf. [DM69J) that there is a 
smooth divisor Di C Spec (R) classifying deformations, where qt remains a node. 
In other words, if U G R is an element defining Di then in an etale neighborhood 
of qi the versal deformation C — > Spec (R) of (C, <7j) is isomorphic to 

Spec (R[x,y]/xy - U). 

As a corollary to the above result, Olsson shows 

2.3. Proposition ( |O107j . 1.11). (Notations as above.) A versal deformation 
space for the twisted curve (C, £*) is given by 

R[Zi, Zm}/^ 1 — ti, Z T ™ — t m ). 

In our later discussion, we will be interested in the smooth objects of the versal 
family. From this proposition, we know that such objects always exist. 

Now we consider a proper tame Deligne-Mumford stack A4 admitting a projective 
coarse moduli scheme M. We fix an ample invertible sheaf on M. To compactify 
the n-pointed stable maps from curves to a Deligne-Mumford stack, Abramovich 
and Vistoli made the important observation that we have to enlarge the source 
from the category of curves to the category of twisted curves. (The collection of 
twisted curves over a scheme S form a 2-category which is in fact equivalent to 
a 1-category (cf. |AV02j . 4.4.2). ) 

2.4. Definition (n-pointed twisted stable map). A twisted stable n-pointed map 
of genus g and degree d over S (C — > S, C C, / : C — > M) consists of a 
commutative diagram 

C *M 

C *- M 



S 
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along with n closed substacks Ef C C, satisfying: 

(1) C — > C — > S along with Ef is a twisted nodal n-pointed curve over S, 

(2) the morphism C — > .M is representable, and 

(3) (C — > 5, Ef , f : C —> M) is a stable n-pointed map of degree d. 

2.5. Theorem ( [AV02] , 1.4.1). Let JC g ^ n (M,d) be fibered over Sch/S, £/ie category 
of the twisted stable n-pointed maps C ^ M. of genus g and degree d. 

(1) The category K, g>n (A4,d) is a proper algebraic stack. 

(2) The coarse moduli space K gn (M,d) of K. gn (A4, d) is projective. 

(3) There is a commutative diagram 

K g , n {M,d) *1C g , n (M, d) 

K g , n (M,d) *K g , n (M,d), 

where the top arrow is proper, quasifinite, relatively of Deligne-Mumford 
type and tame, and the bottom arrow is finite. In particular, if /C fl;re (M, d) 
is a Deligne-Mumford stack, so is JC gtn (A4,d). 

In our paper, we also need to study morphisms between stacks and their de- 
formation theory, which has been intensively studied in [O106aj . |O106bj . From 
Olsson's results, we can see that when the stacks are Deligne-Mumford, the the- 
ory is similar to the case of schemes. For the reader's convenience, we summarize 
the results which we need in our proof, 

2.6. Theorem. Let C/S be a twisted curve and y/S a Deligne-Mumford stack. 
Hom 5 (C, y) is represented by a Deligne-Mumford stack. The fibered subcategory 
of representable morphisms 

Homg^fCy) C Hom 5 (C,y) 

is an open substack. 

Proof. See the proof of f [Ol07j . 1.15). □ 

2.7. Theorem. Let k be a field. In the above notations, choose S = Spec (A), 
where A is an artinian ring with residue field k. Assume g : C/A — > y/A a 
representable morphism. Denote Lc/y as the contangent complex of g. If 7 : 
Spec (A) — > Spec (A') is a closed immersion defined by a square-zero idea I C A' , 
and i : C/A — -> C'/A' is a flat extension with an isomorphism C Xa> A = C, then 

(1) There is a canonical obstruction class o(g,i) E Ext 1 (Lg* (Ly /a) , I) whose 
vanishing is necessary and sufficient for the existence of an arrow g' : 
C — > y extending g. 

(2) // o(g, i) = 0, then the set of isomorphism classes of maps g' : C — >• y as 
in (1) is naturally a torsor under ~Ext (Lg*(Ly/A), I) ■ 
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Proof. See the proof of |O106aj . Theorem 1.5 (i) and (ii)]. □ 

2.8. Remark. Like ( [0106a] . 1.7), Theorem (EZD can be used to define an ob- 
struction theory in the sense of ( [Ar74j . 2.6). Recall that such a theory consists 
of the following (in the following all rings are over S): 

(1) For every surjection of noetherian rings A — > Aq with nilpotent kernel and 
a £ Hom g P (C, y)(A), a functor 

O a : (A^-modules of finite type) —* (A^-modules of finite type). 

(2) For each surjection A' — > A with kernel M, an Ao-module of finite type, 
a class o a £ O a (M) which is zero if and only if there exists a lifting of a 
to A'. 

This data is further required to be functorial and linear in (Aq, M). We obtain 
such a theory by defining O a (M) := Ext 1 (La* Ly / s , M), and taking for each 
A' — > A as in (12.81 2) the class o a £ Ext 1 (La*Ly/s, M) to be the class obtained 
from (12.71 1). Note that it follows from the construction of the cotangent complex 
that the homology groups of La*Ly/s are coherent. From this and standard 
properties of cohomology it follows that the y4 -modules Ext 1 (La* Ly/ S , M) are 
of finite type and that the additional conditions ( |Ar74j . 4.1) on the obstruction 
theory hold. 

A corollary to the above discussion is the following analogy of ( [Ko96j . Theorem 
1.2.17): 

2.9. Corollary. Let JF : C/S — > y/S be a representable proper morphism from 
a twisted curve to a smooth Deligne-Mumford stack y/S. Let F be a field and 
s : Spec F — > S a morphism. Let C F and y F be the fibers over Spec (F) and 
f : C F — > y F the morphism induced by T . Assume that S is equidimensional at 
s. Then the dimension of every irreducible component of Hom 5 (C, y) at [f] is at 
least 

H°(C, f*(T yF )) - H\C, f*(Ty F )) + dim, S. 
Furthermore, if H X (C, f*(TyF)) =0, then Hom 5 (C, y) is smooth over S at [/]. 

Proof. Because of (12.71 2). we know that the tangent space of B.om s (C F , y ) (the 
fiber of Hom 5 (C, y) at s) is isomorphic to H°(C, f*(Typ)). Let (Q,itiq) be the 
local ring of a point of an etale altas of Hom 5 (C, y), whose image is [/]. It is a 
quotient of a local Si s-algebra R, which is smooth over S of relative dimension 
h°(C, f*(Typ)). Let K be the kernel. Then K C (msR,m^) because Q and R 
have the same relative tangent space. 

Let B = Rjm^K and mg be the corresponding maximal ideal. The kernel J 
of B — > Q is isomorphic to K/ttirK. Because of (12.81) . we know J has a largest 
quotient J — > J m such that the image of 

o £ Ext\f* (Q yF ), J) = H\C, f*T yF ) ® J 
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in H l {C, f*TyF) <S> J m is 0. So since the obstruction theory is linear, we have 

dim J m > dim J- h\CJ*T yF ). 

On the other hand, dim J = dim K/m^K, and J m = since 

-> I m -> J -> J m -> 0, 

which implies, by the definition of J m , the split of B/I m — > 5/ J = Q, which 
then implies J m = 0. So 

number of generators of K — dim K/mjiK < h (C, f*Ty F ) 

□ 

3. Smoothing 

Henceforce, we focus on the n-pointed twisted stable maps of genus 0, i.e. objects 
in ATo, n (-M, d). In the classical case, to solve the problems relating to rational 
curves, one of the main tools is the comb construction and its deformations (cf. 
|KMM92b] . [Ko96] and |GHS03j ). Here we generalize this technique to n-pointed 
twisted stable maps, and also to the case that the handle is reducible. 

3.1. Definition. A comb with m teeth is a twisted nodal curve T over k with the 
following properties: 

(1) T = V Ui<j< m C\ where each C l is isomorphic to P 1 ; 

(2) Every intersects D in a single point Xj in the smooth scheme locus of 
T> such that Xj 7^ Xj for % ^ j; and 

(3) C l n = 0. 

We call T> the handle of T and C l the teeth of T. 

3.2. Construction. Let (/ : C — > A4, s\, S2, s n ) be an n-pointed genus 
twisted stable map of degree d(> 0) over k. Now we assume 

(1) M. is a Deligne-Mumford smooth stack, 

(2) there is a strongly rationally connected dense open subscheme M° C A4, 
and 

(3) if T>j is an irreducible component of C such that 7i{T>j) is not a point in 
M, then 7r(Pj) n M° 7^ 0. 

Let X>i, D2,-) be all the components of C, which are not mapped to M. 
constantly. Because of assumption (3), on each Vi, we can choose rrii general 
(scheme) points p\, p\,---, V % m^ which are mapped into M°. 

By assumption (2), we can attach very free curves to V as teeth. More precisely, 
we can assume that there exist m = Y^t=i m « 1-pointed very free curves 

q^p^mV}), 

such that 

<j',(r'i) /0^)-V/../. 
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Let Wj C p l j x A m be defined by the equation y l - = where the coordinates of 
A m are (y\, y^, y l mi ). Then W^s are disjoint codimension two substacks 
of C x A m , which are in fact schemes. Let h : S — > C x A m — > A m be obtained 
by blowing up all WL Gluing the morphisms / and gj, we get a morphism 
F : S = /i _1 ({0}) -> M. Each s< : £;(= [Spec(fc)/G]) -> C can be lifted to a 
natural morphism : E, x A m — > 5 because 5 — ► C x A m induces an isomorphism 
over the image of s, x A m . 

3.3. Proposition. (Notations as above.) There are a morphism 7 : Z — ► A m 
a curve) with a commutative diagram 



hz h 

Z A m 

where T is a family of subcombs over Z containing the image of U(:= s[ x 7) : 
Sj x Z — ► iS Xa» Z ; and a representable morphism a : T — »• .M stjc/j t/iat: 

(a) i/toe denote the coarse moduli map as txm '■ M — > M , then for each i, the 
image of it ^4 o a o £j(£j x Z) is a point in M; 

(b) the restriction 7^ of '■ T S to the fiber over a general point 77 G Z 
induces an 1-isomorphism between h~^ l {rj) and C; 

(c) the fiber T of T over 7~ 1 ({0}) has ml teeth with 

m! >m- h x {C, (f\c)*T M {- ^ St)); «^ 

(d) er|^ zs gweri 6?/ t/ie restriction of F. 

Proof. Let us consider the natual morphism between Deligne-Mumford stacks 

Hom A „(«S,A4 x A n ) -> JjHom(S i , A4). 

j 

[F] gives a point in Hom A „ (<5, M. x A"). Let 

Hora An (S,M x A n ,G) 

represent the fiber that contains [F] . Let c be the codimension of an irreducible 
component of the image of a small neighborhood of 

[F] e Eom A „(S,M x A n , G) in A m . 

There is an irreducible curve Z 

r:{qeZ)^([F]e Hom A „(«S, M x A n , G)) 

such that the image of r(Z) in A m is contained in at most c coordinate hyper- 
planes (yi = 0). By base change we obtain a flat family W — > Z, whose general 
fiber is a comb with at most c teeth (and the handle 1-isomorphic to C). From 
the construction, after shrinking Z and removing the irreducible components cor- 
responding to these teeth, we get a family of subcombs T with a representable 
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morphism a : T — ► .M satisfying (a) and (b). It also satisfies (c) if in the 
statement we change h l {C, (/|c)*^m( — Yl s «)) ^° c - 

To show (c), combining (12.91) and the argument of |Ko96] (II. 7. 9), we know 
that there is a smooth morphism Spec (R) — > A m such that (the completion 
of) Hom A n (S, M x A™, G) is defined in Spec R by at most h l (C, f*T M {— s»)) 
equations. Hence, 

c<h\CJ*T M {-Y,s l )). 

□ 

For the reader's convenience, let us recall some simple facts on the cohomology 
of orbi- curves. 

3.4. Lemma. Assume char (A;) = and (JC/k, Xj(rj)) is an smooth proper orbi- 
curve. Let it : JC — > K give its coarse moduli and C be a vector bundle on K, of 
rank r. Then L = tt*(C) is a vector bundle on K of the same rank, and we have 
the following exact sequence: 

-> tt*(L) -> C -> ©F, -> 0. 

i/ere Fj are nontrivial sheaves supported on the gerbs Xj(rj). Furthermore, we 
have 

W(K, C) = H\K, L) for any i. 

Proof. Left to the reader. □ 

From the above discussion, under the 1-isomorphism induced by 7^, an irreducible 
component V is mapped to a point by / if and only if it is mapped to point by 
a. To establish the following proposition, besides the assumptions in (13.21) . we 
need to assume that our family (/ : C — > M., si, S2, s n ) satisfies: 

(4) if p 7^ q, then the image of n M s p and n M o s,j are different points in M. 

3.5. Proposition. (Notations as above) Let Si = (C — X^i<j<i^j) ^- ^- Denote 
ViHSi = Hj and assume that H l {T)i, L <g> /|J,.T M (— s, — Hj) = /or every /me 
bundle L on T>i, which is a pull back of some line bundle on the coarse space Di 
with degree at least di. Let 77 be a general point on Z , if 

mi > h l {C, f*T M (- ^ s *)) + d h 

then we have 

h 1 (t v ,o-;t m (-J2u(v))) = o, 

i 

where a v = ct\t„- 

Proof. Because of (13.31 b) we know T n is 1-isomorphic to C. In particular, we 
know that the coarse moduli T„ is a tree of rational curves. Below, we will use 
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the same notations to denote the corresponding substacks of T v and C. Tensor 
f*T M (— si) with the exact sequence (set £ = T v = C) 

Combining the argument of |Ko96] (II. 7. 10), (I3.3l c) and the assumption 

rrii > h x {C, f*T M (- £ S,)) + d u 
we know that for each T>i <ZT V , 

H\V U a v \* Vi T M (- £ S , - 2i)) = 0. 
By induction, to prove 

H 1 (T v ,a;T M (-J2u(v))) = 0, 

i 

it suffices to verify that i? 1 (^ s , a*T M (— s») = 0. However, £ s is exactly the 
disjoint union of all connected components which are mapped to a point. Hence, 

H\£ s , f*T M (- £ Si) = H\£ s , <D £s C£ = H\E„ O e .{- £ ^)) ed , 

where d is the dimension of M. and (E s , s^) is the coarse moduli space of (£ s , Sj). 
Since each component has coarse moduli spaces of arithmetic genus and been 
mapped to a point on M., by our assumption (4), the restriction of Ce 3 (X] s 'i) to 
each component is of degree at most 1. Thus we conclude H 1 (E S , Oe s (— Yl s 'i)) = 
0. 

□ 

3.6. Theorem (Smoothing). (Notations as above). We can find an n-pointed 
twisted stable map (over k) (g : T> — > A4, t±, t n ) of genus such that 

(1) D is smooth; 

(2) for each i, the induced morphism f o Sj : Sj — >• M. has constant image; 
and 

(3) H 1 (V,g*T M (-j:s l )) = 0. 

In particular, if we assume Sj that are all in the scheme locus of C, then D = P 1 . 

Proof. Let us first assume the existence of such d% as in (13.51) . Then we know 
there is an n-pointed twisted stable map (a v : T v — > A4, s\, S2, s n ), such that 

H 1 (% l ,a;T M (~s v ( V ))) = 0. 

We also know T rj can be written as a degeneration of a family of smooth objects 
(see the remark after (12.31) ). Therefore, since the obstruction space vanishes, 
from the deformation theory, after an etale base change of the family, a v can 
be extended to an n-pointed twisted stable map of this family with constant 
restriction map on the n marked gerbes. We let a general fiber of this family 
be our T>. Then the vanishing of H 1 (U,g*T J \4(— XI s d) ^ s implied by the upper 
semi continuity. 
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For the last statement, recall that T> / Uj Ej is a scheme, so under the assumption 
that all Oi are in the scheme locus, T> is actually a scheme. 
Finally, to show the existence of di, we apply (13.41) to 

Its pushforward to Di is a vector bundle on P 1 , which decomposes as (BkO(a k ) 
for some integers d l k . Then we can choose di = max^-a^, 0}. □ 

From the following proposition, 

3.7. Proposition. /^ |Vi87| ) A scheme X of finite type over afield of characteristic 
is the moduli space of some smooth stack X if and only if X is geometrically 
unibranch and its normalization has quotient singularities. 

we also have 

3.8. Proposition. Let X be a proper variety with only isolated quotient singular- 
ities. Assume its smooth locus X sm is rationally connected and there are at most 
finite points in X sm which are not in the very free locus X v * of X sm . Then in 
fact X sm is strongly rationally connected. 

Proof. We start the proof with a simple lemma, 

3.9. Lemma. Given any two points x\,x 2 G X, we can find a pointed curve (B,p) 
and two morphisms gi : B — > X such that gi{p) = Xj. 

Proof. There exist two pointed curves (Bi,pi) with two morphisms hi : £>j — > X 
such that hi(pi) = Xj. Consider a curve B C B\ x B 2 which passes through 
P — (pii'Pz)- So (B,p) and the compositions hi o m give the sought-for pointed 
curves and maps, where 7Tj mean the projections. □ 

Now for two arbitrary points x±,X2 € X sm , we have a curve {B,p) and two 
morphisms gi : B — > X, such that gi(p) = Xi as in the above lemma. Shrinking 
B, we can assume gi(B°) C X v $ (i = 1,2), where B° means B — {p}. Therefore, 
(after taking a possible ramified cover), there is morphism 

ft : P 1 - X v ', 

which connects gi(t) and g2{t), where t is a general point of -B , and 

H\W\r t T x , s i- gi (t)-g 2 (t))) = ^ 

Considering 

HoniB^xP^xr^!,^, 

we know it is smooth over B at [ft] ■ So there exists an etale morphism D° — > B° 
from a connected curve, with a lifting 

D° -> Hom fl (B xP'.Sx X v f,g u g 2 ). 

This naturally induces a 1-morphism D° — > JCo^(X,d), where X is the smooth 
stack as in (13.71) . Then by the properness of K.o,2(X,d), (after taking a possible 
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quasi-finite cover again) we can complete our family as a 2-pointed twisted stable 
map 

(tt : C -> D, f D : C -> 8l : £> -> C, s 2 : £> -> C) 

with a limiting object (/ 9 : C g — > A', Si(g), s 2 (g)) such that f g (si(q)) = Xi(i = 1, 2) 
for some g 6 D lying over p. Notice that Sj are in the scheme locus of C. 
We apply flU} to (/, : C q -> #,si(g),s 2 (g)) where M is ^ and M° is in 
(13. 2p . The assumptions (1), (2) and (4) clearly hold in our case. (3) is also true 
because of our assumption. Thanks to (13. 61) . we conclude that there is a morphism 
g : P 1 — > X, such that giJP 1 ) passes through X\,x 2 and g*(T M )(— S\(q) — s 2 (q)) is 
semi-positive. Since for x ^ Si(q), the tangent map of the universal morphism 

P 1 x Hom fP 1 , X, Si (q) -> x,) -> <Y 

at (x, /) is given by the evaluation morphism 

TV © ^(P 1 , f*T x (- Sl (q) - s 2 (q))) ^ T /(as))Ar , 

the universal morphism is smooth at (x, g) for any x ^ Si(q), which implies it is 
equidimensional. So we can choose a general member [H] G Hom fP 1 , X, Si(q) — > 
Xj) such that if (P 1 ) does not pass through the finite stacky points in ^. Then 
its image on X gives a free smooth rational curve which is entirely in the smooth 
locus of X. □ 



4. C-NONCONTRACTED MINIMAL MODEL PROGRAM 

In this section, S is a projective surface with (at worst) quotient singularities. We 
denote S sm its smooth locus and S v ? the (probably empty) very free locus of S sm . 
Since surface kit singularities precisely mean quotient singularities ( |KM98j ). for 
any surface S with kit singularities, we can construct a smooth proper Deligne- 
Mumford stack S which realizes S as its coarse moduli space. To prove (jl.4j) . we 
use a specific procedure of minimal model program (MMP) for kit surface pair 
to verify the assumptions of (13.81) . 

4.1. Definition. For a pair (S,A) and a fixed irreducible curve C in S, a C- 
noncontracted MMP is a MMP for the pair (S, A) 

/ : (S, A) = (So, A ) -»■ (Si, Ai) -»■ > (S n , A n )., 

such that in each step, we do not contract the image of [C]. 

Like the usual MMP, the procedure will terminate and in the last step, we will 
have a surface pair (S n , A n ) satisfying one of the following: 

(i) (S n , A„) is a log del Pezzo surface with p(S) = 1, and ^ f*[C] G Ni(S n ); 

(ii) (S n , A n ) admits a Fano contraction to a curve B, such that C is finite 
over B; 

(iii) (S n , A n ) is a minimal model; or 

(iv) p(S n ) > 2 and NE(S) has only one (i^5-|-A)-negative extremal ray R> [C]. 



14 



CHENYANG XU 



In Case(iv), if we contract the extremal ray R>q[C], then we have either a bi- 
rational contraction (S n ,A n ) — > (S n+ i,A n+1 ) with K Sn+1 + A n+1 nef or a Fano 
contraction to a curve. 

The reason for us to consider C-noncontracted MMP is encrypted in the following 
proposition, 

4.2. Proposition. Assume S sm is rationally connected. If we run a C-noncontracted 
MMP for (S, A) and we end in case (i) or (ii), then C fl S v * 7^ 0. 

Proof. For each case, we will show that there is a free curve K C S^ m which 
has nonempty intersection with the image of C. Assuming this for the moment, 
replacing K by its general deformation, we can think of S — > S n as an isomorphic 
over a neighborhood of K. So the preimage of K gives a free curve in S sm . 
Then it is in S l 'f , provided the rational connectedness of S sm . Hence we conclude 

C n S v f ^ 0. 

To prove the claim: in Case(i), because of (jl.3p . S sm contains a very free curve 
K. But p(5) = 1 which implies any two curve have a nonempty intersection. In 
Case(ii), we can choose K to be a general fiber. 

□ 

4.3. Lemma. If f : (S,A) — > (5', A') is an extremal contraction of surface pairs 
and (S, A) is a Zoo deZ Pezzo surface, then (S', A') zs also a log del Pezzo surface. 

Proof. We only need to show that for any irreducible curve C on 5", C ■ (Ks> + 
A') < 0. This is true because f*(K s > + A') = K s + A + aE, where E is the 
exceptional divisor of / and a < 0. □ 

4.4. Proposition. Under the assumption of tjl.Jty or U.5\) . the complement of 
S v f in S sm consists of finitely many points. 

Proof. We prove the proposition by contradiction. If there is an irreducible curve 
in the complement, we take its closure in S, and denote it as C. If we run a C- 
noncontracted MMP, because of (14. 2p . we can assume it does not end in case (i) 
or (ii). However, since the Kodaira dimension k(S, A) = —00, the only remaining 
possibility is that (S n , A n ) admits a Fano contraction to a curve, such that C is 
a fiber. In particular C 2 = 0. We claim S^ m is rationally connected. Assuming 
this for the moment, then there is a very free rational curve R C S^ m such that 
R 2 > 0. Thus we have C ■ R > because of the Hodge Index Theorem. 
Now we verify the claim: if (S, A) is a log del Pezzo surface, then it follows from 
Keel-M c kernan's result and (14.31) ; if S only contains Du Val singularities, then 
there is an induced morphism S'- m — > for each step of MMP, because after 
any extremal contraction, we will get a smooth point. Hence, 5^ is rationally 
connected if so is S- m . □ 

4.5. Example (Gorenstein Surfaces). In general, it is not easy to write down the 
rational curves in the smooth locus explicitly. However, in the case of (jl.5p . this 
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can be done in the following way: starting with a surface S, we run a minimal 
model program. 

S = Sq — > S\ ■ ■ ■ — > S n — > Y, 
it ends with a contraction to Y = P 1 or a point. 

If Y — P 1 , then because we know is rationally connected, the data of multiple 
fibers (P 1 , Y^ m iVi) satisfy the equation 



£(*-- 



< 2. 



So it is easy to explicitly construct the rational curves on S n as a multiple cover 
of the base P 1 . 

If Y is a point, then S n is a rank 1 log del Pezzo surface with at worst Du Val 
singularities. In this case, there is a classification in [Fu86j . (In fact, by taking 
the universal cover of S sm and running a minimal model program for its normal 
closure, we only need to consider the shorter table of all rank 1 log del Pezzo 
surfaces with (at worst) Du Val singularities and simply connected smooth loci. 
Such a table is given in [MZ88] ). 

So once we understand the rational curves on well, by induction, the next 
thing is to investigate what is going on for a birational contraction fa : Si — > Si+i. 
Assuming f± contracts the irreducible curve D, we know fi(D) = p £ Si + i is a 
smooth point, and Si has at most one singular point along D. This singular point 
is of type A n and on its minimal resolution T — > Si, the birational transform of D 
presents a (—1)— curve. Because of our assumption on S i+ i, we can write down a 
rational curve C C S-"\ which connects a general point and p. Futhermore, we 
can assume that if we write the (reduced) exceptional locus E of T — > Si + i as a 
union of curves Ej(l < j < n + 1) such that E n+ \ is the birational transform of 
D and Ej R Ej+\ ^ 0(1 < j < n), then the birational transform C of C on T 
intersects E transversely on E\ at one point and not on any other Ej(j ^ 1). 
q T 



E n+1 (D)- 



\ 






E 3 




, E2 




En 



c — \ — — c 



C 7 



E figure 4 

Let us consider a smooth point q £ D C Si and call its preimage in T to be 
qT- Let Ci be a small deformation of C. We consider a chain of rational curves 
E with three irreducible components and a morphism g 1 : F-y — > T such that 
the restriction of g\ on the three components gives C, E\ and C\ (see figure 2). 
Computing the normal bundle Mf 1 of F±, we know that M\E\ = Oe 1 - Therefore, 
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we can smooth the reducible curve F to a very free curve C2 '■ P 1 — ► T (cf. 
|HT06j ) with 

C2 ■ E2 — C2 ■ E — 1. 
Now we consider a chain of rational curves F2 with four irreducible components, 
and a morphism g 2 : F 2 — > T such that the restriction of (72 on four components 
gives C, Si, £2 an d C 2 . Since 

A/> 2 |£, = 0^,1<j<2, 
again we can smooth F 2 to get a very free curve C3 : P 1 — > T. 

/ Ei+l 

*" / Ci+l 




figure 2 

Running this argument n times, we get a very free curve C n+ i, such that 

C*n+1 ■ E = C n+ i ■ E n+ \ = 1. 

Let us consider a chain of rational curves F' with n + 3 components, and g : F' — >• 
T such that the restriction of g on each components gives C, Ei,...., E n+ \ and 
C n+ i. Now 

= 0^(1 < j < n) and A/>|£„ +1 = C» n+ i(l). 

So we can smooth F' to get a very free curve F which still passes q?. Furthermore, 
since 

F ■ Ej = 0, 1 < j < n, 
the image of F in Sj is in the smooth locus of Sf m . 

Proof of ( [i. 7[ j: Let us consider a resolution g : Y ^ S. Then F is a smooth 
rational surface. We have 

H'(Y,Oy) = 0,Vz > 0. 

The Leray spectral sequence says 

W(S,Rgi(0 Y ))^H^(Y,0 Y ). 

Because S is normal, we have 

Rgl(Y,0 Y ) = H 2 (S,O s ) = H°(S,lu s ), 

However, applying the argument of (cf. |Ko96j . IV. 3. 8), we conclude that the 
rational connectedness of S° implies the vanishing of H°(S,cus)- 
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5. NONPROPERNESS OF THE COMPLEMENT OF THE VERY FREE LOCUS 

In this section, we will present Jason Starr's proof of the statement that the 

complement of the very free locus in a smooth rationally connected variety does 

not contain any proper connected component, which is obviously an improvement 

of (13.81) . The idea is applying the new tool of pseudo-ideal sheaves introduced in 

[SR09] to the degeneration argument discussed in the above sections. 

• Pseudo-ideal Sheaves. In this subsection we will give a brief introduction to 

the concept of pseudo-ideal sheaves. For the proofs of the statements and more 

background, the reader is encouraged to read the original paper. 

Let / : X — > Y be a flat, locally finitely presented, proper morphism of algebraic 

spaces. For every morphism of algebraic spaces, g : Y' — * Y , denote by fy ■ 

Xyi — > Y' the basechange of /. 

5.1. Definition. For every morphism g : Y' — > Y of algebraic spaces, a flat family 
of pseudo-ideal sheaves of X/Y over Y' is a pair (F,u) consisting of 

(1) a F'-flat, locally finitely presented, quasi-coherent (9x y/ -module F, and 

(2) an 0Xy,-homomorphism u : F — > Ox Y , 
such that the following induced morphism is zero, 

u' : A 2 F - F, /i A f 2 -> u(h)f 2 - u(f 2 )fi. 

Denote by (g : Hilbx/y — * Y, C) a universal pair of a morphism of algebraic spaces 
g and a closed subspace C of Hilbx/y x Y X which is flat, locally finitely presented, 
and proper over Hilbx/y , i-e., an object representing the Hilbert functor. Denote 
by 

>■ I Omib x/Y xy X ^ O c ^ 

the natural exact sequence, where 

u : I -> O mihx/Y x Y X 

is the ideal sheaf of C in Hilbx/y Xy X. Then the pair (I,u) is a family of 
pseudo-ideal sheaves of X/Y over Hilbx/y- 

The significance of pseudo-ideal sheaves has to do with restriction to Cartier 
divisors. Let D be an effective Cartier divisor in X, considered as a closed 
subscheme of X, and assume D is flat over Y . Denote by X D the pullback 

X D := 1 ® 0x O d 

on Hilbx/y Xy D. And denote by 

ud '■ Fd — ► Om\h x/Y x Y D 

the restriction of u, then (Xd,Ud) is a flat family of pseudo-ideal sheaves of D/Y 
on Hilb/p/y QSR09J, Proposition 3.4). Denote by 

l d : Hilbx/y — > Pseudo^/y 
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the 1-morphism associated to the flat family iXj^^u^) of pseudo-ideal sheaves of 
D/Y over Hilbx/y- This is the divisor restriction map. 

In the following we discuss the infinitesimal deformation of the divisor restriction 
map. Let A' be a local Artin CV-algebra with maximal ideal m and residue field 
re. And let — > J — > A' — > A — > be an infinitesimal extension, i.e., mJ is zero. 
Denote by Xa> , resp. Xa, X k , the fiber product of X — > Y with Spec A' — > Y, 
resp. Spec A — > F , Spec re — > F. Let (Fa',Ua>) be a pseudo-ideal sheaf of D/Y 
over Spec A'. Denote by (Fa,ua), resp. (F K ,tt K ), the restriction of (Fa',ua') to 
A, resp. to re. Let X4 be the ideal sheaf of a flat family Ca of closed subschemes 
of X/Y over Spec A. Denote by X K , resp. C K , the restriction of Xa to re, resp. of 
Ca to re. And assume that tjj sends I a to (Fa,ua)- 

5.2. Proposition. ( [SR09] , Propsition 3.6) Let n be a nonnegative integer. As- 
sume that C K is a regular immersion of codimension n in X K , (since X K is an 
algebraic space, in that definition one must replace the Zariski covering by affine 
schemes by an etale covering by affine schemes). 

There exists an element u> in 

J ® K H\C K , O x (-D) ■ Hom 0cK (X K /X 2 K , O c J) 

which equals if and only if there exists a flat family Ca 1 of closed subschemes of 
X/Y over Spec A' whose restriction to Spec A equals Ca and whose image under 
l d equals (Fa',u a >). When it equals 0, the set of such families Ca> is naturally a 
torsor for the n-vector space 

J ® K H°(C K , O x (-D) ■ Hom 0cK (I K /I 2 K , Q Cn )). 

In particular, if /i 1 (C K , Ox{— D) ■ Homo c (X re /2^, Oc K )) equals 0, then ld is 
smooth at [C K ]. 

• Proof of 11.61 We take a smooth proper closure X of X°. Let U be the very 
locus of X°. Denote D = X \ X° and Z = X \ U. We claim 

5.3. Proposition. Every connected component of Z intersects D. 

Proof. Let \i : X — > X be a log resolution of (X, Z). Denote by D the union of 
every connected component of fi~ 1 (Z) whose image intersects D. Every very free 
curve in X \ D maps under \i to a very free curve in X \ D. Thus the union, U, 
of all very free curves in X \ D equals So the proposition for the original 

pair (X, X°) follows from the proposition for the new pair (X,X \ D). Thus, 
without loss of generality, assume that Z is an effective Cartier divisor. 
By way of contradiction, assume that there exists a connected component W of 
Z which does not intersect D. Denote the complement of W in Z by V . Let p 
be a closed point of U. Let B° be an affine curve and let 

C o = (7r o . c o ^ ^o.^o . B o ^ c o h o . c o v) 
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be a family of 1-pointed, smooth, genus maps to U such that h o a is a constant 
morphism with image p and such that Image (/i) intersects W. By semistable 
reduction, after replacing B by a finite cover, we may assume that (° extends to 
a family of prestable maps, 

( = (yr : C -> 5; a : 5 -> C; /i : C -> X), 

over a curve £> = £>° U {6} such that /i(C&) intersects W. 

Of course this is probably not a family of embedded curves. But that is easily 
remedied. Choose a projective embedding of 5-schemes, 

{n,i):C^Bx k W. 

Now define I™ to be X x k P r and define D nOT to be D x k F r . The union 
jjnew Q £ very free curves in X new \ B new equals (/ x P r . And now the map 
(h,i) : C — > X x k ¥ r is a family of embedded curves. Thus, after replacing the 
original pair (X,B) by the new pair (X new , B new ), we may as well assume that 
the family of curves is embedded. 

Denote by C the embedded curve h(Cb). Denote by G the union of all components 
of C which intersect U. Now, of course, we apply the "pseudo-ideal sheaf results 
from (15.21) . Let N be a nonnegative integer such that C is scheme-theoretically 
contained in G U N ■ Z. Denote by the effective Cartier divisor N ■ Z of X. 
Since X is smooth and since Z^ is an effective Cartier divisor, there is an induced 
"restriction morphism" . 

l Zn : Hilb Xfe -> Pseudo ZiV / fe , 

where Pseudo^/fe is the algebraic stack parameterizing flat families of pseudo- 
ideal sheaves on Z^. Every component of G intersects U. Thus by gluing some 
number m of very free curves in U to each component of G at general points of 
the component and with general tangent directions, we may form a new nodal, 
genus curve Cq in X from C. 

5.4. Lemma. If m is sufficiently large, then the morphism l% n is smooth at the 
Hilbert point [Cq] . 

Proof. Because C C GU(N ■ Z), Ox(—N -Z)-Nc/x is supported only on G. Then 
it is a standard argument (see e.g. [GHS03] ) that we can add enough very free 
curves on general points of each component of G in general tangent directions to 
get a new curve Co, satisfying 

h 1 (C ,O x (-N-Z)-N Co/x ) = 0, 

so we can apply (15. 2p . □ 

Since Z N is the disjoint union of Vn := N ■ V and W x := N ■ W, there is a 
canonical isomorphism 

Pseudo ZiV / fc = Pseudoy^/fc x k Pseudo Wjv / fc . 
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Denote by hy the induced morphism 

l Vn o Q : B -> Hilb x/fe -> Pseudo yjv/fc . 

i.e., the family of pseudo-ideal sheaves on Vn corresponding to the restriction 
of the family of curves C in X. And denote by hw the constant morphism 
hw '■ B — > PseudovKjv/fc whose image equals iy^QC]), i.e., the pseudo-ideal sheaf 
on Wn corresponding to the restriction of C to Wn- This defines a morphism 

(hy, h w ) ■ B -> Pseudo Zjv/fc . 

And by construction (hy,hw)(b) equals iz N ([Co])- 
Form the 2-fibered product 

H q -+ Hilb x/fc 

B >■ Pseudo Zjv/fc 

where the bottom map is given by (hy, hw)- Since (hy, hw)(b) equals tz N ([Co\), 
the pair (b, [Co]) is a point of H. Since l Zn is smooth at [Co], the morphism p is 
smooth at (b, [Co]) by base change. In particular, p is dominant. Therefore there 
exists a point (t)b, [C v ]) of H mapping under p to the generic point of B. 
By construction, iy N ([C^\) equals l Vn ([C VB ]) , where r] B is the generic point of B. 
But, by construction, the generic member C VB of the family C does not intersect 
Vn- Thus lv n ([Cb}) is the "trivial" pseudo-ideal sheaf on Vn, i.e., the identity 
map Oy N — > Oy N . Since iy N (\Cr^) is the trivial pseudo-ideal sheaf, also C v does 
not intersect Vn- 

On the other hand, Lw N ([Cri\) equals twv([C ]), which is nontrivial. Therefore 
C v does intersect Wn. Also, since C v is a generalization of C , and since C 
intersects the open subset U, also C v intersects the open subset U . Finally, C^ 
is a generalization of an (embedded) nodal, genus curve in X. Thus C v is also 
a at-worst-nodal, genus curve in X. So every irreducible component of C v is 
a smooth genus curve. Since C v is contained in X \ V = (U U W), and since 
C^ is a connected curve which intersects both U and W, there exists at least 
one component of C v which intersects both U and W. Since this component 
is contained in X \ V, in particular it is contained in X°. But, by the usual 
comb-smoothing argument, every rational curve in X° which intersects the very 
free locus U is contained in U, contradicting that the component also intersects 
W. This contradiction proves that, in fact, there is no connected component W 
which is disjoint from D. □ 

6. Examples 

6.1. Example. (Variance of Rational Connectedness in MMP.) In the above 
arguments, when we run a C-noncontracted MMP for a projective surface S with 
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quotient singularities, 

S = 5*0 > Si > ■ ■ ■ > S n , 

under extra assumptions, we can show in each step, the smooth locus Sf m is ratio- 
nally connected, provided Sq" 1 is rationally connected. However, it is somewhat 
a surprise to know that this is not true in general. 

Let us consider / : S — > P 1 a ruled surface obtained in the following way: we 
start with a Gorenstein ruled surface with two singular fibers over pi,p2 of the 
type Ei + 4E 2 + 3E 3 + 2E^ + 3E 5 + Eq contained in the smooth locus and a 
multiple two fiber over p 3 with 1A\ singularities, then we get S by contracting 
Ei,E 3 , E± and E 6 on each fiber. 




figure 3 

where the numbers in the second column mean the self- intersect ions of the com- 
ponents. Since 1/2 + 2/3 + 2/3 < 2, we can find multiple sections of S, which 
are rational curves and meet the reducible fiber in general points of E' 5 . This 
implies that S sm is rationally connected. However, since Kg ■ E' 5 = —4/15 < 0, 
E' 5 is a .Kg-negative extremal ray, if we contract the E' 5 components in the two 
reduible fibers, then any multiple section D — > P 1 contained in the smooth locus 
will factor through the orbi-curve 

(P 1 ,p 1 (4),p 2 (4),p 3 (2)). 
In particular, D is not a rational curve. 

In higher dimension, the rational connectedness of the smooth locus is not pre- 
served even for MMP procedures of terminal varieties. In fact, Prokhorov gives 
an example of a rationally connected variety Y with terminal singularities which 
admits a Fano contraction to a normal rational surface S with K$ ample and 
F(cf. [HX], 5.13). Then we claim 

(1) Y sm is not rationally connected, and 

(2) there exists a MMP procedure 

X = Xq — > X\ — > ■ ■ ■ — > X n = Y, 
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such that X is a smooth rationally connected variety. 

For (1), since tx : Y — > S is a Fano contraction, and Sing(S) is of codimension 2, 
7r _1 Sing(S) is of codimension at least 2. Therefore, if Y sm is rationally connected, 
then we can find a very free curve on Y sm , which avoids the subset 7r _1 Sing(5'). 
Then the images of its small deformations give a family of free rational curves on 
S sm , which contradicts to the assumption that K$ is ample. 
For (2), since any variety with terminal singularities is an output of a MMP 
procedure which starts from a smooth variety (simply reverse the process of 
resolution of singularities), hence the claim is obvious. 

6.2. Example. (Gorenstein del Pezzo surfaces in characteristic 2 ) 

In this subsection, we present an example due to Kollar, which is a del Pezzo 

surface of degree 2 over F 2 , whose smooth locus does not contain any free rational 

curves. 

We start with Pp 2 , it has seven F2-points. There are also seven lines over F 2 , 
each of which passes through precisely three F2-points. We blow up all these 
seven F 2 -points. The birational transforms of the lines are (— 2)-curves. After 
contracting all these (— 2)-curves, we have a Gorenstein del Pezzo surface S of 
degree 2, which contains seven Ax-points. 



X -P| 



■2 

2 



S admits a degree 2 inseparable morphism to P 2 , given by the equation x\ = 
Ja{xo,xi,X2), where f± is a degree 4 polynomial with only nondegenerate critical 
points. S is singular at (xq, X\, X2, £3) if and only if (xq, Xi, x%) is a critical point 
of S, i.e., the vanishing points of the section df G f^i(4). For more detailed 
explanation, see e.g. ( |Ko96j V.6.4), 

We want to show that there do not exist free curves in S sm . Let / be the idea 
sheaf of the seven Ai singularities on S. 

6.3. Lemma. There exists an exact sequence of the form 

0^*(J(l))^fi^/(O(-2))^0. 

Proof. This is essentially the exact sequence of ( [Ko95j . 9.4). In fact, thanks to 
the Kollar's construction in [Ko95] . we know that C gives a morphism 

d c : 0(-4) -> QI2 

and an exact sequence 

-> ^*coker(C(-4) -> fi^ 2 ) -> Q], -> g*{0{-2)) -> 0. 
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(For the meaning of this exact, see ( [Ko95j . 9).) Choosing local coordinates to 
compute, we know 

dx 

(dx, dy) I (xdx + ydy) = (x, y) — . 

y 

We also have the first Chern class 

Cl (coker(C(-4) -> fija)) = 0(1), 

so we conclude that 

coker(C(-4) -> Q^) = 1(1), 

□ 

Now for any rational curve / : P 1 — > S sm , by pulling back the exact sequence by 
/*, we can see it is not a free curve. 

6.4. Question. It is interesting to ask whether there exists a smooth Fano variety 
which is defined over a field of characteristic p > and does not contain any 
(very) free curve. 
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